
Constants and units

c = 2.998× 108 m s−1

h = 6.626× 10−34 J s

h̄ =
h

2π
= 1.055× 10−34 J s

NA = 6.022× 1023 mol−1

kB = 1.381× 10−23 J K−1

R = 8.3145 J K−1 mol−1

= 0.082 06 L atm mol−1 K−1

me− = 9.109× 10−31 kg

e = 1.602× 10−19 C

mp+ = 1.673× 10−27 kg

mn0 = 1.675× 10−27 kg

a0 = 0.5292× 10−10 m

ε0 = 8.8542× 10−12 C2 N−1 m−2

RH = 1.097× 105 cm−1

1 N = 1 kg m s−2

1 J = 1 N m = 1 kg m2 s−2

1 eV = 1.602× 10−19 J

1 cm−1 = 1.986× 10−23 J

1 u = 1.661× 10−27 kg

Kinetic Molecular Theory

σ = πd2

ρ =

(
pNA
RT

)
z12 =

N2

V
σ

(
8kT
πµ

)1/2

λ =
1√
2ρσ

Z12 = ρ1ρ2σ

(
8kT
πM

)1/2

P(v) = 4π

(
M

2πRT

)3/2
v2e−Mv2/2RT

〈v〉 =
(

8RT
πM

)1/2

vrms =

(
3RT
M

)1/2

vmp =

(
2RT
M

)1/2

Math

Determinants∣∣∣∣a b
c d

∣∣∣∣ = ad− bc

ψ (1, 2, 3, . . . , n) =
1√
n!

∣∣∣∣∣∣∣∣∣
u1(1) u2(1) · · · un(1)
u1(2) u2(2) · · · un(2)

...
...

. . .
...

u1(n) u2(n) · · · un(n)

∣∣∣∣∣∣∣∣∣
Integrals

∫ +∞

−∞
f (x) dx = 0 for odd f (x)

f (−x) = − f (x) for odd f (x)∫ +∞

−∞
f (x) dx = 2

∫ +∞

0
f (x) dx for even f (x)

f (−x) = f (x) for even f (x)∫
sin (ax) dx = −1

a
cos (ax)∫

cos (ax) dx =
1
a

sin (ax)∫
sin2 (ax) dx =

x
2
− sin (2ax)

4a∫
cos2 (ax) dx =

x
2
+

sin (2ax)
4a∫

x sin2 (ax) dx =
x2

4
− cos (2ax)

8a2 − x sin (2ax)
4a∫

x cos2 (ax) dx =
x2

4
+

cos (2ax)
8a2 +

x sin (2ax)
4a∫

x2 sin2 (ax) dx =
x3

6
−
(

x2

4a
− 1

8a3

)
sin (2ax)− x

4a2 cos (2ax)∫
x2 cos2 (ax) dx =

x3

6
+

(
x2

4a
− 1

8a3

)
sin (2ax) +

x
4a2 cos (2ax)∫ ∞

0
e−ax2

dx =
( π

4a

)1/2

∫ ∞

0
x2ne−ax2

dx =
1 · 3 · 5 · · · (2n− 1)

2n+1an

√
π

a∫ ∞

0
x2n+1e−ax2

dx =
n!

2an+1∫ ∞

0
xne−axdx =

n!
an+1



Trigonometry

sin(2x) = 2 sin x cos x

cos(2x) = cos2 x− sin2 x

sin2 x =
1− cos 2x

2

cos2 x =
1 + cos 2x

2
sin2 x + cos2 x = 1

sin x sin y =
1
2
[cos(x− y)− cos(x + y)]

cos x cos y =
1
2
[cos(x− y) + cos(x + y)]

sin x cos y =
1
2
[sin(x + y) + sin(x− y)]

Polar

x = r cos φ

y = r sin φ

r =
√

x2 + y2

φ = tan−1 y
x(

∂2

∂x2 +
∂2

∂y2

)
r=r0

=
1
r2

0

∂2

∂φ2

Spherical

x = r sin θ cos φ

y = r sin θ sin φ

z = r cos θ

r =
√

x2 + y2 + z2

θ = cos−1 z√
x2 + y2 + z2

φ = tan−1 y
x

dV = dx dy dz = r2 sin θ dr dθ dφ

∇2
r=r0

= · · ·(
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

)
r=r0

= · · ·

1
r2

0

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
r,φ

+
1

sin2 θ

(
∂2

∂φ2

)
r,θ

]

∇2 = · · ·
1
r2

∂

∂r

(
r2 ∂

∂r

)
θ,φ

+
1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
r,φ
· · ·

+
1

r2 sin2 θ

(
∂2

∂φ2

)
r,θ

General quantum mechanics

E = hν =
hc
λ

λ =
h
p

Ψ (x, t) = ψ (x) e−i(E/h̄)t[
− h̄2

2m
∇2 + V (x, t)

]
Ψ (x, t) = ih̄

∂Ψ (x, t)
∂t[

− h̄2

2m
∇2 + V (x)

]
ψ (x) = Eψ (x)

Ĥψn (x) = Enψn (x)

∇2 =

(
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

)
x̂ = x

p̂x = −ih̄
∂

∂x∫ +∞

−∞
Ψ∗ (x, t)Ψ (x, t) dx = 1

〈a〉 =
∫ +∞
−∞ Ψ∗ (x, t) ÂΨ (x, t) dx∫ +∞
−∞ Ψ∗ (x, t)Ψ (x, t) dx[

Â, B̂
]
= ÂB̂− B̂Â[

Â, B̂
]
= −

[
B̂, Â

]
∆p∆x ≥ h̄

2

Evariational =

∫
Φ∗ĤΦdτ∫
Φ∗Φdτ

≥ E0

Term symbols

2S+1LJ

L = ∑
i

li, ML = ∑
i

lz,i

S = ∑
i

si, MS = ∑
i

sz,i

J = L + S, L + S− 1, . . . , |L− S|
2S+1ΛΩ for molecules



Particle in a box

ψ1D (x) =
(

2
a

)1/2
sin
(nπx

a

)
; n = 1, 2, 3 . . .

En =
h2n2

8ma2

ψ3D (x, y, z) =
(

8
abc

)1/2
sin
(nxπx

a

)
sin
(nyπy

b

)
sin
(nzπz

c

)
E =

h2

8m

(
n2

x
a2 +

n2
y

b2 +
n2

z
c2

)

Harmonic oscillator

V (x) =
1
2

kx2

xcm =
m1x1 + m2x2

m1m2

µ =
m1m2

m1 + m2

Ĥ =

[
− h̄2

2µ

∂2

∂x2 +
1
2

kx2

]
ψv (x) = Av Hv

(
α1/2x

)
e−

1
2 αx2

ψ0 (x) =
( α

π

)1/4
e−

1
2 αx2

ψ1 (x) =
(

4α3

π

)1/4

xe−
1
2 αx2

ψ2 (x) =
( α

4π

)1/4 (
2αx2 − 1

)
e−

1
2 αx2

α =

√
kµ

h̄2

Ev = h̄

√
k
µ

(
v +

1
2

)
= hν

(
v +

1
2

)
; v = 0, 1, 2, 3, · · ·

ν =
1

2π

√
k
µ
= ν̃c

Anharmonic oscillator

V (x) = De

(
e−2ax − 2e−ax

)
; a =

√
k

2De

Ev = hν

(
v +

1
2

)
− (hν)2

4De

(
v +

1
2

)2

G (v) = ν̃

(
v +

1
2

)
− x̃ν̃

(
v +

1
2

)2
; x̃ =

hcν̃

4De

Rigid rotor

I = µr2

L = Iω

KE =
1
2

Iω2

=
L2

2I

2D

Ĥ = − h̄2

2µr2
0

∂2

∂φ2

Φml (φ) =
1√
2π

eimlφ

ml = 0,±1,±2, · · ·

Eml =
h̄2m2

l
2I

L̂zΦml (φ) = ml h̄Φml (φ)

3D

Ĥ = − h̄2

2µr2
0

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
r,φ

+
1

sin2 θ

(
∂2

∂φ2

)
r,θ

]
Y (θ, φ) = Yml

l (θ, φ) = Θml
l (θ)Φml (φ)

El =
h̄2

2I
l (l + 1)

l = 0, 1, 2, 3, . . .
ml = −l,− (l − 1) , . . . , 0, . . . , (l − 1) , l

EJ = hcB̃J (J + 1)

B̃ =
h

8π2cµr2
0

L̂zYml
l (θ, φ) = ml h̄Yml

l (θ, φ)

L̂2Yml
l (θ, φ) = h̄2l (l + 1)Yml

l (θ, φ)

L̂ x
y
z

= −ih̄

 y
z
x

∂

∂
z
x
y

−
z
x
y

∂

∂
y
z
x


[

L̂ x
y
z

, L̂ y
z
x

]
= ih̄L̂ z

x
y



Spherical Harmonics

Complex

Yml
l (θ, φ) = · · ·

Y0
0 (θ, φ) =

(
1

4π

)1/2

Y0
1 (θ, φ) =

(
3

4π

)1/2
cos θ

Y±1
1 (θ, φ) = ∓

(
3

8π

)1/2
sin θe±iφ

Y0
2 (θ, φ) =

(
5

16π

)1/2 (
3 cos2 θ − 1

)
Y±1

2 (θ, φ) = ∓
(

15
8π

)1/2
sin θ cos θe±iφ

Y±2
2 (θ, φ) =

(
15

32π

)1/2
sin2 θe±2iφ

Real

pz = Y0
1 =

√
3

4π
cos θ

px =
−1√

2

(
Y1

1 −Y−1
1

)
=

√
3

4π
sin θ cos φ

py =
−1√

2i

(
Y1

1 + Y−1
1

)
=

√
3

4π
sin θ sin φ

dz2 = Y0
2 =

√
5

16π

(
3 cos2 θ − 1

)
dxz =

−1√
2

(
Y1

2 −Y−1
2

)
=

√
15
4π

sin θ cos θ cos φ

dyz =
−1√

2i

(
Y1

2 + Y−1
2

)
=

√
15
4π

sin θ cos θ sin φ

dxy =
1√
2i

(
Y2

2 −Y−2
2

)
=

√
15

16π
sin2 θ sin 2φ

dx2−y2 =
1√
2

(
Y2

2 + Y−2
2

)
=

√
15

16π
sin2 θ cos 2φ

Hydrogen atom

V (r) = − e2

4πε0r

Ve f f (r) =
h̄2l (l + 1)

2mer2 − e2

4πε0r

En = − mee4

8ε2
0h2n2

= − e2

8πε0a0n2

a0 =
ε0h2

πmee2

n = 1, 2, 3, · · ·
l = 0, 1, 2, · · · , n− 1

ml = 0,±1,±2, · · · ,±l

Radial functions

Rnl (r) = · · ·

R10 (r) = 2
(

1
a0

)3/2
e−r/a0

R20 (r) =
1√
8

(
1
a0

)3/2 (
2− r

a0

)
e−r/2a0

R21 (r) =
1√
24

(
1
a0

)3/2 r
a0

e−r/2a0

R30 (r) =
2

81
√

3

(
1
a0

)3/2
(

27− 18
r
a0

+ 2
r2

a2
0

)
e−r/3a0

R31 (r) =
4

81
√

6

(
1
a0

)3/2
(

6
r
a0
− r2

a2
0

)
e−r/3a0

R32 (r) =
4

81
√

30

(
1
a0

)3/2 r2

a2
0

e−r/3a0

Pnl (r) dr = R2
nl (r) r2dr

Full wavefunctions

ψnlml
(r, θ, φ) = Rnl (r)Yml

l (θ, φ)

= Rnl (r)Ys,p,d, f ,...x,y,z (θ, φ)
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